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Abstract. The full duality between the K-Poincare algebra and K-Poincare group 
is proved. 



1. Introduction 



Recently, much attention has been paid to the specific deformation of Poincare al- 
gebra — the so-called K-Poincare algebra [1]. Its global counterpart, the K-Poincare 
group, has been obtained by S. Zakrzewski [2]. His method consisted in quantising 
ON ■ the Poisson structure on classical r-matrix obtained from - expansion of algebra 

coproduct. Zakrzewski method gives, in principle, the duality group -£4> algebra 
only in the lowest, ^-approximation. However, due to the lack of ordering ambigu- 
ities in the quantisation procedure it seemed likely there is a full duality between 
K-Poincare group and algebra. Indeed, it was shown ([3]. [4], [5]) that this is the 
case in two dimensions. The proof given in the last paper relies heavily on the 
bicrossproduct structure of K-Poincare algebra and group discovered in [5] and [6] . 
Here, we briefly sketch how to extend this proof to four dimensions. In fact, it 
is easily seen that the proof presented below works in any dimensions. The full 
C3 ' version will appear elsewhere. 

II. The k-Poincare algebra and k-Poincare group 

The K-Poincare algebra Vk is defined by the following rules ([1], [6]) (Mi — 
\e ljk M jk , Ni = M i0 ): 



[P„Pv] = 0, 




[Mi,Mj] =ie ijk M k , 


[Mi,P }=0, 


[M i ,N j ]=i£ ijk N k , 


[M i ,P j ]=ie ijk P k 


[N i ,N j ] = -ie ijk M k , 


[N i ,P ]=iP i , 



* Supported by KBN grant 2P 30 2217 06 p 02 

Typeset by Am^-TW 



P. KOSINSKI, P. MASLANKA 



2 V 6 / + 2k" j ~ k' 



(1) [JVi.P,-]-^ : - (1-e-— + — P --PP,, 



ZiP = P Q ®I + I®Pn, AP i =P l ®e-— +I®Pi, 

Mi = Mi J + J M^ 

J=o 1 

Z\A^ = TV, <g> e — + / iVi - -e tjk Mj P k , 



3i 
e(X) = 0, X = P lt ,M i ,N i . 



S(P fl ) = -P (i , S(Mi) = -M h s(Ni) = -Ni + —Pi., 



It has ([5], [6]) a natural bicrossproduct ([7]) structure 

(2) V k =TxU(aO{3,l))- 

Indeed, it is sufficient to define 



Mi > P = 0, M, > Pfc = iEyfePj , 



(3) iV, > P = zP, N { > P, = z% -1- e"— + — P - -PP,, 



2 V /2k / K 



Po 1 

5(Mi) =Mi®I, 5{Ni) = N,®e ~ - -e l]k M j P fc 

here (iVj, Mi) is the standard Lorentz algebra (with standard coproduct) while T is 
defined as an algebra generated by P M , /i = 0, . . . ,3 obeying the following relations: 

[P M ,P,]=0, 

(4) AP =P ®I + I®P , AP i = P i ®e-%+I®P i ,S(P lt ) = -P lt , 
e(P M ) = 0. 

II. 2. The K-Poincare group. The K-Poincare group P K is defined by the 
following relations ([2], [5]): 

K 

[A» v , x p ] = -k(^o - %)A p v + {A\ - 6° v )qW), 

(5) [A p l/ ,A a ] = O, 

A(A P V ) = A" a /l a „, Z\(x") = A" Q x a + »" /, 

e(s") = 0, e(^) = #. 

Again, P K can be defined as a bicrossproduct ([5]): 

V K = T*tX C(S0(3, 1)). 
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To see this it is sufficient to define ([5]): 

0(af)=A> t v <8>x''. 

A^ v <x" = -*((A" - 5£W V + (A\ - 5l)gW) = \A%^\. 

Hi 

Moreover, while C(S0('S, 1)) is the standard algebra of functions defined over Lorentz 
group while T* is defined by the following relations: 

K 

^(V 1 ) = x ti ®I + I&X* 1 , 
S(x^) = -x^, six 11 ) = 0. 
II. 3. Duality. We shall define the dualities: 

C(S0(3,l))*=*U(a0(3,l)), 

T* <==>T. 
First, we define standard duality between the Lorentz group and algebra as follows: 

_ (A» v ,M afi ) = 4(e itM -")", = (M Q/9 )JJ 

(6) at t=o 

The following lemma is obvious. 
Lemma 1. 

n 

(7) (A^ V1 ■ ..A^ Vn ,M afi ) =iJ2(^ k 9^0 - O^rK'- 
The duality T* & T is defined by 

This duality can be fully described as follows. For any function tp^x^) we define 
the normal product : ipfa* 1 ) : as the one in which all x° factors stand leftmost. We 
then have 

Lemma 2 ([6]). 

(8) (:F(xn :,/ M = /(^)^)|^, 
A simple proof is based on Leibnitz rule and the identity 

x°-i-) (x m y. 

II. 3. The structure of < and [3 operations. In the sequel we shall need 
some more detailed information concerning the structure of the operations < and 
(3. We have the following lemma. 



4 P. KOSINSKI, P. MASLANKA 

Lemma 3. 

(10) (A^ V1 ■ ■ ■ A^ Vn )<af l < ■ ■ ■ < x p™ = [• • ■ [A^ V1 ■ ■ ■ A"% B , x pl ], . . . ,x pm ]. 
The proof is based on the following rule: 

(11) (ab) <h = (a<i/i(i))(6</i(2))- 

It is slightly more difficult to describe the structure of [3 operation. To this end 
we define the r-operation, acting on an arbitrary product of yl's and x's as follows: 
using commutation rules (5), we transpose all x's to the left and then put x^ = 0. 
By linearity we extend r to any polynomial in x's and A's. The r-operation has 
the following obvious property 

(12) t(t(P 1 )P 2 )=t(P 1 P 2 ). 
Lemma 4. 

(13) Pix** 1 ■ ■ ■ x^") = (r<8>id){ JJCA^^ ®x" k +3f k ®I)\. 

The inductive proof is based on identity (12) and the product rule ([5], [6], [7]): 

(14) 0(hg) = {h l <g (l) )g} 2) ® h^gf 2) . 

III. The proof of duality 
We have to prove the following duality relations: 

(15a) (X, M af3 > P 7 ) = (P(X),M a0 P 7 ), 

(15b) (A<X,M a/3 ) = (A®X,6(M a/3 )}, 

here X is an arbitrary product of x's while A is an arbitrary product of yl's. We 
assume that the operations < and j3 are known and use relations (15) to prove the 
structure of > and S 

Theorem 1. The following rules are implied by (15a) 

Mi>P o = 0, M % > Pj = ie ljk P k , Ni > P = iP t , 

(16) Ik/ 2p o\ 1 -.2\ i 

N i >P i =i6 v \^(l-e-^) + -P J--P iPj . 

As an example we shall prove the most complicated last equality. It follows 
immediately from (8) and the following lemma 
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Lemma 5. 

(i) 

f 0, r jk 2, 

(/3(x^...x^),M l0 ®P fc }= | _ 

I {^mik^m^i i mi i0 m2k OmimoOik) , 7* Z. 



r >0, 

(ii) (/3((x )"a; mi ...x m -),^o®Pfe) [ , _ , 

r = 0. 

Proof. We prove, for example, the first part of the lemma. First, we have 

(/3(x m ), M M P fe ) = </l m „ a:", M j0 P fe ) 
= i(A m fc ,M«,> 

and by Lemma 4 

(P(x m x n ), M M P k ) = </TV% a^x", M l0 P k ) 

+ ([A m ^x n ]®x^M l0 (g>P k ). 

The second term on the right-hand side can be evaluated immediately using Lemmas 
f and 2. In order to evaluate the first one let us notice that, by Lemma 2 and the 
commutation rule for x's the only term that gives a nonvanishing contribution 
corresponds to \i — k, v — 0. Let us now consider the case r > 2. First, note that 



(17) (x^---x^,p k )=(--) <wn<w 



1=2 



Therefore, we have by (17) and the definition of r 

((3(x m i---x m >-),M l0 ®P k ) 

r 

= (V id)(TT(A"% x Vl + x mi /)) , M l0 (8) P fe \ 

(18) \ V=i 7 7 

r 

= ((r id) ((/l mi fe x fe ) J](^ m; o x° + x m ' 7)) , M J0 P fe ). 
We shall prove that for r > 3 

(19) (t id) ( (yl mi fc x k ) f[(A mi .t° + x m ' 7) J = A™^'™' a: 



where, for any multiindcx A, A™ 1 '" m >- can be decomposed into the sum of mono- 
mials, each containing Aq — 1 or/and A m oA n o or/and A° m A° n or/and A° m A n Q 
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In order to prove this we use induction with respect to r. We have by (12) 

r+l 



(t id) ((/i mi fe ® x k ) Y[ (A m ' ®x° + x m ' ® /)) = (r ® id) 

• ( ((r ® id)(/l mi fe x fe ) JI(A m ' ® a; + x° ® J)) (yl™" +1 ® x + x™^ 1 ® /) j 

= (r ® id)^ 1 """' ® /)(^ +1 ® x + a;"'^ 1 J)) 
- yl™ 1 -" 1 ^™^ 1 ®x A x° + [AY" mr ,x m ^]®x A . 

The first term on the right-hand side has already the proper structure. In order to 
prove the same for the second term it is sufficient to use the following commutation 
rules: 

[A%-l,x n } = --(A -l)A n , 

K 

(20) [A° k ,x n } = --(A° -l)A n k , 

K 



[A k a ,x n ] = --(A n A k + g nk (A° - 1)). 



For r = 3 relation (15) is verified by simple straightforward calculation. 
In order to complete the proof of Lemma (5i) we note that, by Lemma 1, 

{A, M a0 ) = 

if A is any monomial containing /1% — 1 or/and A m oA n o or/and A° m A° n or/and 
A° m A n . 

Relation (ii) can be proved along the same lines. 

Theorem 2. The following rules are implied by (15b): 

5{Mi) =Mi®I, 

p a 1 
6(Ni) = N t ® e~— - -e llk Mj ® P k . 

Again, as an example, we prove the last equality. It follows from (8) and the 
following 

Lemma 6. 

(i) 

(21) (jlA^ Va <{x Q ) n ,M iQ )=^- % -J(j\A^ Va ,M iQ ), 

a a 

(ii) for r > 



(22) (J{A^ Va <i{x ) l \lx m '>,M iQ )= [--)6 l0 5 rl (l[A^ Ua ,M mii 

a p—1 a 
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We shall prove (i). We use induction with respect to n. First, note the following 
important property of the commutator [yl M „,:r' 3 ] 



(23) [A» v ,x"] = 0. 

Therefore, by Lemma 1, we have 

a a a b^a 

But, by straightforward calculation 

({A^ Va ,x%M iQ ) = (- % -^{A^ Va ,M i0 ) 

so, appealing again to Lemma 1, we get equality (21) for n = 1. 
For n > 1 we use again (23) and Lemma 3 to infer 

l[A^ Va < (x°r,M i0 ) =J2H W *. < (x°r,M M ). 

a a b^a 

By induction hypothesis 

(A^ Va <(x°) n+1 ,M M ) = ({A^ Va x°]<(x°) n ,M i0 ) 

= (--) ({A^„ a ,x%M i0 ) = (-^) (A^„ a ,M i0 ) 

which gives (i); (ii) can be proved in a similar way. 

Now, the full duality follows from the general theory of bicrossproducts. 
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